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A semi-supervised feature selection method for
image inpainting in Fourier transform domain

Yingfu Cai?, Xiaoyang Yu®", Ali Tavakoli®

Abstract

This paper deals with recovering an image some of which Fourier transform
coefficients are lost. Based on a semi-supervised feature selection method, we first present a
truncated singular value decomposition approach and second present a new minimization
algorithm for image inpainting in the Fourier transform domain. The convergence of this
algorithm is also proved. Finally, some comparisons of the given methods and some known
algorithms are presented to show the efficiency of our approaches.
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1. Introduction

Image inpainting is recovering an image or video,
part of which observed data is incomplete. The lost
data may be related to either intensity of the pixels
in an area of the target image or the coefficients of
transform domain [2,24].

Transformed domain inpainting practically
happens in applications because images are usually
formatted, transmitted, and stored in a transform
domain. For instance, JPEG standard images are
encoded in terms of discrete cosine transform
coefficients and JPEG 2000 standard images are

m-1n-1

encoded by wavelet transform coefficients, and in
magnetic resonance (MR) imaging the acquired data
are Fourier transform coefficients [6,7]. When some
of the coefficients of the transform domain such as
Fourier or wavelet transform are lost, the inverse
transform can not naturally construct the original
image. In this case, we need to inpaint the images in
the transform domain to retrieve the original image
as well as possible.

It can be done by using the information of the
surrounding areas. Of course, one notes that by the
definition of discrete Fourier transform for a 2D
image | of sizem xn, i.e.,

sx ty
F(s,t) = z z I(x,y)e"(—ZT[](E+7), s=0,..m—1, t=0,..,n—1,

x=0 y=0

the following relation holds:

Fi(s,t) = Fm —s,n — t), s =
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where H denotes the conjugate operator. Hence,
during the restoration in the Fourier transform
domain, it is enough to save only half of the Fourier
coefficients. In 2016, Li and Zeng introduced an
algorithm called iterative coupled transform domain
inpainting (ICTDI) for reconstruction of an image
some of which Fourier transform coefficients are lost
[18]. It uses two positive parameters to adjust the
weight of each term of the given least square
minimization problem. some modifications of
Algorithm ICTDI that benefit one more parameter to
have more degree of freedom are given in [19] and
[20].

In this paper, we used a semi-supervised feature
selection method to first approximate the intensities
of some pixels that are called auxiliary pixels. Next, a
linear system is constituted whose solution is
approximated by a truncated singular value
decomposition method. Then by a perturbation in
the auxiliary points, a minimization problem is
presented whose convergence is also proved.

2. A semi-supervised feature selection method

In this section, we present an algorithm based on
a semi-supervised feature selection method for
image inpainting in the Fourier transform domain.
The methodology simply can be expressed as
follows:

F(u,v) = FE(M — u N — v),(u,v) € X

First, the inverse Fourier transform of the
missing Fourier transform naturally generate an
image with fairly high mean square error (MSE). This
image is a corrupted image whose contrast depends
on the percentage of lost Fourier transform
coefficients. However, an image is derived
wherewithal the general feature of the original
image is some deal identified. Although the exact
intensity of each pixel is not clear and it is a
stochastic variable, some pixels of the image can be
determined by a good approximation. For example,
Figure 2 shows the picture of a cameraman by the
inverse Fourier transform whose 30 percent of
Fourier transform coefficients are missing. It is clear
that the intensity of some pixels such as the points
on the coat of cameraman should be about zero.
This, in turn, contains some pixels that hereafter we
call them auxiliary points. By these auxiliary points,
one can find a (fairly) good approximation for the
intensity level of all pixels. Suppose that the number
of auxiliary points and lost Fourier coefficients are
the same. In this case, if the auxiliary points are
exactly chosen, we can derive the original image
precisely whenever the resulted system is accurately
solved! In order to formulate this, let F be the Fourier
transform of an Mx N image f whose some of the
coefficients are missing. Let FAH be the conjugate of
F. One note that

(1

where X = {0,1,...,M — 1} x{0,1,...,N — 1} . Itisreadily seen that there do not exist the
conjugate of F(u,0) foru=0,1,...,M — 1 and F(Q,v) forv = 0,1, ..., N — 1. Also, itis clear that
we must consider the case that F(u,v) and F(M —u, N — v) are lost, simultaneously. In the sequel,

we define:

K = {(u,v) € X| F(u,v) is in access},

L ={(u,v) € X|F(u,v)is lost and uv # 0},

L' ={(u,v) € X|F(u,v)is lost and uv = 0},

Y ={(x,y) € X|(x,y) is an auxiliary point}.

By definition of the inverse Fourier transform for each (x,y) € Y we have:

1 (1, vy (ux, vy
fl,y) = W(Z(u,v)eKF(u'v)ezm(M+N) + Lwweron F, v)ezn](MJrN)' (2)

Let F(u,v) = G(u,v) + jH(u, v) for (u,v) € X and also | x | and [ x ] denote the largest integer number
less than or equal to x and the smallest integer number bigger than or equal to x, respectively. We also

define the following sets:

L =1LN ({1,2, . [%J} x {12, .., [%J})
L, = Ln({1,z, [%J} x {[g] o N—=1))
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L, = Ln({[%] o M= 1} x {12, ...,[%J})
M N
L, = Lﬂ({[?] o M= 1} X (I3]0, N = 1),

Now, requirement (1) and the preceding definitions imply that

L (ux vy L (ux vy
F(u, v)ezn] (ﬁ_"W) = FH (u, v)e_znj (ﬁ_"W)
(W,v)E Ly (u,v)€Lq
P (ux, vy o i (BELYY
F(u,v)eZ"](M+N)= Z FH(u,v)e 2"](M+N). 3)
(u,v)€ Ly (w,v)€e L,

Therefore,
(ux vy
z:(u,v)(ELF(U, 17)62”](1\4+N)
; (wx vy o uxvy e
- Z(u”)€L1F(u'v)ezn](M+N) + FH(u,v)e 2"](M+N)) + Z(uv)ELz F(u,v)eznj(M"'N) +
' . (ux vy ’
FH(u,v)e ?™/ (ﬁ’fﬁ))

= Z 2[G(u,v)cos2r(ux/M + vy/N)) — H(u, v)sin(2r(ux/M + vy/N))] 4)

(u,v)€ Lq
+ Z 2[G(u,v)cos2m(ux/M + vy/N)) — H(u, v)sin(2n(ux/M + vy/N))]
(w,v)€ L,
= Z 2cos (2 (ux/M + vy/N))G(u,v) — Z 2sin 2 (ux/M + vy/N))H (u,v)
(u,v)E L1U Ly (u,v)E L1V Ly
So,
_ 1 2 j (SF+2Y) Z ux vy
f(x,y)—MN z F(u,v)e M N/ 4+ 2cos| 2m (M+N) G(u,v)
(uv)EK (u,v)E L1V Ly
) ux vy
- Z 2sin (271 (ﬁ + W)> H(u,v) (5)

(u,v)E L1V Ly
Let f be the inverse Fourier transform of the incomplete Fourier transform F. In other words, f is produced
just by F(u, v) for (u, v) € K. Assume that for (x,y) € Y, f(x,y) are the intensity level of auxiliary points. In
order to obtain a good reconstruction of f(x, y) for (x,y) € X\Y, we find F such that for (x,y) € Y

R 1 (X, vy ~ (XY
fay) =5~ Y Fane 6w e Y Fawer G
(u,v)EK (u,v)E L1U L,
Now, taking

~ a 1 L(ux v,
fan =fan -3 > Fane v, wner (©
(uv)eEK

and F = G + j H into account, the preceding relations imply

~ 1 . 2m j (BX,2Y) ux  Uvy\\ s
f(x,y)—m z Fuv)e™ \M™N) + Z 2cos | 2m (ﬁ+ﬁ) G(u,v)
(uw,v)eLr (u,v)E L1U Ly
_ ux  vyy\ ~
- Z 2sin (271 (ﬁ+ﬁ)>H(u’ V) (7)

(u,v)E LU Ly
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The equality (7) can be expressed in a matrix form by

f=5x
where
(uw)e L'| wv)E LU Ly [(u,v)E L U Ly
1 ~ ~ -~
S=— P A B
MN

piu,v) el
x=|[g}wv)€e L U L| (9)
h}(w,v) e L, U L,

F=(fe)  and

(xy)eY

P?‘ p = e';'?rj(u:r:;’M +vy /N ]_

: r
Ay = 2cos(2m(ux/M + vy/N)), r:
B, = —2sin(27(uz/M +vy/N)), r:

(z,y) €T, p:= (u,v) € L',
(z,y) €7, s := (u,v) € Ly U L,
(r,y) €Y, t € Ly U Ls.

Therefore,
F‘(u ?1] — J Puw): (u? 'U} e L,
i E(u,v) +jh[u,1."_1: (u: U} € Jl—r’l UL?-

We note that if L' = @, then the matrix S will be real.
3. Truncated SVD method the Fourier transform coefficients are lost, the

In this section, we present the truncated singular dimension of the matrix S would (fairly) be high. This
value decomposition to present an approximated implies that if 7| = |L'|+2|Ly U Ly and Sis a
solution of (8). Letting |a| as the cardinal number of non-singular matrix, the direct solving of the system
the vector a, the size of S is Y1 x (IL'] + 2|L1 U La|)- |t (8) will usually be impossible. Under condition
is well kno;vﬁ thjt tE? “”?aJE systzm (8), will have a 7] < (IL] +2|L1 U L2]), to find an approximated
solution if [T < ([L'] + 2[L1 U L2[). since, Sis a solution of (8) one can use the truncated singular
dense matrix and moreover the size of an image and value decomposition (TSVD) method. To this end, it
so the size of the Fourier transform coefficients is is recalled that the matrix S can be factored as

usually big, therefore, even if a few percentages of
S=UxVvH,

_ _where Uis an 7= 7] unitary matrix, X is an 7] = (L] + 2| Ly ULa|) diagonal matrix, V is an
(1L + 2|L, U L-{|]| * (|L'[ +2|Ly U La]) ynitary matrix [17].

2 2 3
Let 7129222 n pe the singular values of S such that
2 2 2
R N
and
2 : ;
gr =0, 1=1,..., r .
: . | (11)
ogr=0,i=r+1,...,n

The pseudo- inverse of
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LB

[:‘-.-

Il

3
o

(12)

0

is defined to be the (L1 + 211U La) x [T diagonal matrix

- =1 -

o) |
t‘]’._}_l
ot = o] : (13)
0
— []_
Now, the solution of (8) is given by ([17]) .
x=8%f (14)

where the matrix St = V XU is the pseudo-inverse of S. Some of the tiny singular values may be
generated by the accumulation error that should be removed, therefore, the solution (14) can be

modified. Take
i Tis if 7j = €, {lr}
= . i
0, if oy <e,

For i =1,...,nin which € isan acceptable tolerance. Now, defining the 7] (JL[+2| Ly U La) diagonal

L' = diag(s}. 3. .. 9u); the solution (14) is modified by

x = S"*f (16)
where S’ = V X'*UH. This is called truncated SVD method. One note that a suitable suggestion of
auxiliary points can lead to a good output. In this case, the value of € should be enough small.

matrix,

4 A minimization algorithm

In the previous section, we have presented a strategy to find the lost Fourier transform coefficients
based on singular value decomposition. There are two types of errors in the given method. The first is
related to the system and the second one is due to the selection of auxiliary points. Let us assume that

. . _ 1 . .
f= (f@ ) eper. F=gre 3 Fluu)oee/ My,

MN
(uwv)elK

From (6)itisseenthat f = f + F.To decrease the effect of the error created in the approximation
of f, the following convex minimization problem is proposed:

L o eina . Apen B ;
min 5 |[£* = F = Sx|l3 + S 1£" — P, (17)
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where A is a positive constant. It is readily seen that the closed form solution of (17), then it satisfies

the following equation:
i ) - [
—SH SHS X —SHF, X (18)

where I is an identity matrix of size |Y| X |Y|. If S®S is non-singular, then the saddle point system
(18) has a unique solution, because (1 + A)I is a positive definite matrix, S is a full rank matrix and S5
is a positive definite matrix (see [1] Section 3.1 ). However, since §"'S is not always one to one, in general,
(18) is an ill-posed system. Hence, the given system can be approximately solved by some appropriate
pre-conditioners [1].

One way to overcome the ill-posedness is to add a regularization term to the energy, hence, a
solvable method can be thought of as

_ A A
min [|Pf7|, + gllf" - F — Sx||; + S I = 12 (19)

where @ € RY*Yis a given transform matrix corresponding to some regularization operators, |1 is a
constant positive regularization parameter andp = 0,1. The first term is a smoothing term and there
are many choices for @ such as gradient operator, wavelet transform and framelet transform.

By using the variable splitting technique and quadratic penalty method, the problem (19) is rewritten
into the following equivalent formulation [18]:

min B(d,£*,x) = |ldll, + 20" - d|}3 + &1€* — F — Sx[3 + 3£ - Flig20)

The algorithm
The approximated model (20) can be solved by alternating minimization method as follows:
Solving d: By setting T := 1/n and fixing f* and x, the sub-problem for d reads:

2

d of* —d

min |
d

In the case of p = 0 [4,18], the sub-problem (21) is solved by hard shrinkage, i.e.

i (21)

+3
il

0, if |of* —d| < V2T,
d=

&f*, otherwise.
Whenp = 1[13,18], it is solved by soft shrinkage, that is,

d= 111;1:{{|¢f'| - T,ﬂ}.ﬂyulfﬁ-“f*]._

where the sign function is defined as

1,z =0,
sgn(zx) = 0, z=10,
=1,z <0
Solving f+: Now, fixing d and x, the sub-problem for f* reads

1 : _ . .
min - |6 — d||2 + S ||f* — F — Sx|2 + 2 [|f* — ]2 (22)
e 2 - 2 2 -
where a; = % anda, = % The closed form solution for f* is as follows:
f* = (65D + (a1 + a2) )~ (S7d + a1 (F + 5x) + asf). (23)
Finally, the sub-problem for x reads:
REVISTA ARGENTINA
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min ||f* = F — Sx||3. (24)

The closed form solution for x is as follows:
x = (SHS)THSH(f — F)]. (25)
In the algorithm FISVD, we replaced the matrix S by the truncated SVD given in the previous section.
So, taking S = UXVH implies that (S7S)™1S# = v Xx'tUH
Remark 1 The initial values £*® and x@are given by f = (f(x,y)) and (16), respectively.
Remark 2 In order to get rid of the inversion of @@ + (a; + a,)I, it can be approximated by (1 +
o+ o)l

Algorithm 1 FISVD
Initialization: ey, as, 7, £, £* @ F, x(®),
For k =0,1,2,... repeat until stopping criterion is reached
d*+D) = shrink,(¢f**, 7);
£ — (D + (a) + ap) 1)@ dF) + oy (F + UXVIXF)) 4 a,f);
Output: xF+1) = l”EJ'*'L-"H(f'(k‘HJ -F).

5. Convergence analysis

In this section, we prove that for t > 0 and appropriate selections of a1 and a2, the Algorithm
FISVD is convergent. Before that, we need the following lemma:

Lemma 1 The largest singular value of the coefficient matrix S is > 1.

Proof Let p(A) := max{|A| : 1is an eigenvalue of A}. Since S”S is a Hermitian matrix, on can
write:

HgH 2
) ' 5" 5z Sz
p(sH S) = max ———— = max [ ”:,2 ; (26)
=20 ziz =20 ||z]|3
[[Sz||2

It is enough to show that for some nonzeroz, llzll2- = . For this sake, we consider two cases:
Case 1: L' # Q.

By (9), there existr := (x,y) € Y andp := (u,v) € L'such that Pr,p # 0. Takez = (0,0,

Iszll - 1

,0,1,0,--,0)T where 1 is located in the p-th column. This selection implies that Izl .
Case 2: L' = Q.
Again, by (9), there existr := (x,y) € Yands:= (u,v) € L, U L,such that A,;B,; # 0, where
t = |L UL, +s.Takez = (0,0,-+,0,2,0,-,0,2,0,-,0)Tin whichz? = z2 = 1.
Let S(r,:) denotes the r-th row of S. So,
S(r,:)z = 2(zs cos(a) — z; sin(a)),
wherea = 2n(ux/M + vy/N). Since
(z; cos(a) — z sin(a))2 =1 — z.z sin(2a),
one can define:
rny = { 1, sin(2a) <0
s —1, sin(2a) > 0.

ISzl - 4 '
This implies that |S(r,:)z| = 2andso llzlz =~ o

Now, assume that p = 1. For any vector a € CV, we think of the operator S; as a soft shrinkage
operator and assume that S, denotes the operator V X'*U¥. The Algorithm FISVD can be simplified as
follows:

d+D) = 8y (o)
frEH) = Pt d®) 4 0, ULVEX®) 1 6); (27)
x(.i.-+1j — Sg(f*“‘“:’ _ F]

wherel" = &7d + (a; + a,)[and® = a,F + a,f. We define:

REVISTA ARGENTINA
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hy(d,x) = eI dHd + ey UEVHx + 9],
ho(d,x) = VEHFUHP=@Hd + 0, USVHX] + VE+UH(I10 - F),

Now, one can rewrite (27) as follows:
d*+1) = 8,0k, (d*), xF));
fr+) = Pt d®) + o0, UV EXE) + 9]
xE+1) = 8o oha(dF), x¥)),

We assume that n(®) Nn(S) = @ where n(A4) denotes the null space of A. This implies that the
function £(d, £, %) 4 (20) is coercive, that is,E(d’f*’X) —o0 as [|(d,f*,x)[| = oo Moreover,

E_j(d_’ £, x) is convex and bounded from below. Therefore, E(d, 7, %) has at least one minimizer pair
(d, £*, %) \which satisfies the following equations [3]

d = Sy0h,y(d, %);

f* = r-tofd + o, UXVHx 4+ O (28)

% = Sy0hs(d, X).

The first and third equations of (28) imply that (a, T)T is a fixed pointof Soh = (S; 0 hy, S, 0 h,)
[15]. Now, the convergence analysis of the given algorithm can be established based on the properties
of non-expansiveness of soft shrinkage operator S1, S2 and h. The non-expansiveness of S1 has been
proved in [21,23]. The operator S2 is non-expansiveness, because the selection of € = 1in (15) implies

that
[VEFTU" |y < max 0,1 < 1
1<ilr .

One note that Lemma 1 concludes that the selection of e = 1 makes nonzero the matrix 2’. Let

p(Q) denotes the largest absolute eigenvalue of the matrix
Q. Bychoosing N1 = (@,V 2 + UM)and N2 = (&, a; USVH), we have:
—1gpH -1 H -
o=@ a r—uxv [d—d} H
2

X —X

h(d, x) — h(d, % H -
H (d,x) = h{d, %) 2 VY FtUHP-1¢H o V' YUHEP-1U N VH

NI | [2:2] I,

IN

IA

sl el =21,

IA

al ] o] (225

<[[2z5]l
x—X | ll2
The last inequality is readily seen for an enough large value of a,, because

Iis a positive definite matrix and p(I'"1) < - ia . Now, based on the non-expansiveness of the
1 2

operators S and h, the following theorem is proved by a similar argument given in Theorem 3.4 [23] that

we have removed it:
Theorem 1 For any fixed parameters T > 0 and suitable selection of a1 > 0 and o, > 0, the sequence

{(d*, x¥, f*5)} generated by Algorithm FISVD converges to a solution (d, X, f*)) of problem (20).
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Fig. 1 Test images.

6. Numerical results

In this section, we apply the Algorithm
FISVD and truncated SVD method on several
standard test images in which some
coefficients are missing in their Fourier
transform domain. Also, these methods are
compared with the Algorithm ICTDI and IFTDI
given in [18] and [19], respectively. To this

end, we consider three test images called
”Cameraman”, “Slope”, and ”Barbara” (see
Figure 1). The Slope image contains smooth
areas along with sharp edges. The Cameraman
image has both large spikes and some fine
structures. The image of Barbara contains a
few different patterns, e.g. the scarf or the
chair.

\

Fig. 3 Performance of Algorithm FIS.VD for Cameraman in different iterations: (a) 1st iteration, (b)
45-th iteration, (c) 93-th (last) iteration.

e 1o

Fig. 4 Performance of Algorithm FISVD for Slope in different iterations: (a) 1st iteration, (b) 40-th
iteration, (c) 80-th (last) iteration.

The Standard Peak Signal to Noise Ratio
(PSNR) is employed to measure the quantify of
inpainting performance [14,10]:

— 2552
PSNR = 10log;, (m)(dB)’

where f is the original image and fx is the
reconstructed image (output of the
algorithm).

This relation shows that the larger PSNR,
the better performance [5]. The stop criterion
can be thought of as |[f***Y —fx¥]| < £ where €
is an acceptable tolerance value. Here, we

computed the stopping criterion for
Algorithms FISVD, ICTDI and IFTD based on the
relative error (ReErr) between the successive
iteration of the restored images satisfying the
following inequality [18,25]

- ||f*(k+1)_f*(k)||2
ReErr = oy,

<10-°

In all examples, we consider @ := V, i.e., a
gradient operator. As we explained before, the
auxiliary points are selected based on our
conjecture of the intensity of the original

image in some areas. The inside of rectangles
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in Figure 2 are considered as auxiliary points of
Cameraman, Barbara and Slope, respectively.

o % R
Fig. 5 Performance of Algorithm FISVD for Barbara in different iterations: (a) 1st iteration, (b) 85-th

iteration, (c) 172-th (last) iteration.
Table 1 Comparison of the algorithms for Cameraman

R

Method | Iteration CPU(sec.) PSNR
IFTD 80 12 36
ICTDI 79 8 30
FISVD 93 15 42
TSVD - - 40
Table 2 Comparison of the algorithms for Slope
Method | Iteration CPU(sec.) PSNR
ICTDI 90 8 32
IFTD 87 14 35
FISVD 80 12 41
TSVD - - 41
Table 3 Comparison of the algorithms for Barbara
Method | Iteration CPU(sec.) PSNR
ICTDI 115 34.91 24.01
IFTD 137 44.50 24.26
FISVD 172 53 39
TSVD - - 38

For Cameraman, f = 0.04 is taken. For
Slope image, f = 0.1 for the bottom right
hand rectangle and "f = 0.9 for the bottom left
hand rectangle are taken. The main problem is
related to Barbara image that is hard to find a
good approximation of auxiliary points.
Hence, the intensity of auxiliary points in
Barbara is considered as f + 0.05.

Tables 1, 2 and 3 show comparisons
between the Algorithms FISVD, TSVD, ICTDI

[18] and IFTD [19] due to the reconstruction of
the Cameraman, Slope and Barbara,
respectively. For implementing the Algorithm
FISVD, we considered t = 0.001 for all three
images. For Cameraman and Slope, a; =10 and
o= 20 and for Barbara, a1 = a2 = 100 are taken.
Moreover, for truncated SVD method, e =1 is
taken. The comparisons show that the
algorithm FISV and TSVD method reconstruct
the images better than ICTDI and IFTD
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1SVD
— = =fsvp

1 1 1 1 | | 1 L |
@ 0.01 0.02 0.03 0.04 0.05 0.06. 0.07 0.08 0.08 0.1

28

Fig. 6 The PSNR values of FISVD and TSVD algorithms for Cameraman with different auxiliary points.

59 T T T I T T T T

| 1SVD
———AswD

Il Il | | 1 | 1 | 1
01 0.08 0.06 0.04 -0.02 o 0.02 0.04 0.06 008 01

Fig. 7 The PSNR values of FISVD and TSVD algorithms for Barbara with different auxiliary points.
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e

Fig. 8 The PSNR values of FISVD (bottom) and TSVD (top) algorithms for Slope with different
auxiliary points.

All experiments were performed in
MATLAB R2018a running on a Sony desktop
with Intel Core i5 CPU at 2.40 GHz and 4 GB of
memory.

7. Conclusion
In this paper, we presented a semi-supervised
feature selection method for inpainting an image in
the Fourier transform domain. We have used a
truncated singular value decomposition to present
the algorithm. The experimental results show the
efficiency of the proposed algorithm.
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