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Abstract

The mathematical relationship that describes price as a function of quantity required is called an inverse demand function, or
price function, in field of economics. In consumer decision theory, this function also reflects psychological responses to price,
product perception, and purchasing intentions. A product that might be used in place of another to satisfy the same needs of the
consumer is called a substitute. Complementary products, like gasoline, SIM cards, and baking powder, are items that are
purchased in addition to the main product and frequently offer little value or are not used separately. This paper explores optimal
demand and green production replacement models for complementary and substitute products within an imperfect production
system, integrating both economic and psychological drivers of consumer demand. It examines defective items considering
advertisement-influenced sales returns and Cournot’s inverse linear dependent demand. It also focuses on applying a third-order
equation to determine the ideal demand and green production lot size. Two models have been developed. In model 1,
complementary products for imperfect production systems and defective items with advertisement-sales return are subjected
to Cournot's inverse linear dependent demand; in model 2, substitute products are used to replace defective items with
advertisement-sales return and imperfect production systems. The law of demand is validated, the price break-even point is
determined, and the maximum profit from all three distinct product demands in both models is calculated. Both methodologies
employ a carbon pricing mechanism and a green technology investment cost to reduce carbon emissions. The purpose of the
study is to determine optimal manufacturing lot size and pricing to optimize total profit. Numerical examples demonstrate this
concept's applicability. It is demonstrated that the degree of complementarity and substitutability affects the total profit. A
sensitivity analysis of the optimal choices is given to assess the stability of proposed model. Employing Visual Basic 6.0, the data
is produced.
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1.INTRODUCTION

By expressing price as a function of quantity and
demonstrating how much consumers are willing to pay
for each unit, the inverse demand function explains
how the price of an item varies with the quantity
required. Typically written as P = f(Q), it plays a
central role in competitive market analysis by helping
determine equilibrium prices and quantities across
different market structures. Its applications are broad:
inverse demand functions are used to derive individual
firm demand curves in oligopolistic markets, informing
pricing strategies; a common form is the linear inverse
demand function P =a—bQ, here a& bare
constant; in Cournot competition, firms rely on the
inverse demand function to choose output levels based
on rivals’ production; in Bertrand competition, price-
setting behavior is guided by inverse demand
relationships, often vyielding different equilibrium
results; and in Stackelberg leadership models, the
leader firm uses the inverse demand function to
anticipate follower reactions to its chosen price or
output decisions.

A substitute product can be utilized to satisfy
customer's needs in place of another product.
Customers frequently demand less of one alternative
product when they have more of the other. This has
been referred to as a negative connection among
substitute product demand. Because they provide
customers with additional options to suit their
demands, substitute items are significant in the
marketplace. The popularity of alternative items can be
impacted by market conditions, like changes in
consumer demand or new technologies. Here are a
few instances of products that could be substituted:
Margarine with butter, E-books and physical books,
Purified water and spring water in bottles, Coffee with
energy drinks, Purchasing Coke when Pepsi is sold out,
as well as steel-toe and composite-toe boots. The
primary product and complementary products are
closely related. They frequently cannot be consumed
by themselves. As a result, demand for the primary
product drives demand for its complementary product.
After selling the primary product, marketers either sell
them together or advertise a related one. They can
boost sales in this way. Mobile device accessories,
boot polish, tennis rackets & balls, laptop bags, game
consoles & games, printer cartridges, as well as gun
ammunition are a few examples of complementary
products that are marketed alongside their primary
product.

Inventory management seeks to optimize stock
levels to limit working capital investment and storage
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costs, which have a significant influence on inventory
decisions inside any firm. Inventory turnover and other
performance metrics have been planned, coordinated,
and regulated by inventory managers for the past
century. Since Parlar's first publication in 1988,
numerous studies have focused on modeling different
inventory management issues involving
complementarity and product replacement. When 2
free products are provided, there’s a positive
relationship among their requests, and to make the
most of the products, buying one of the free things
requires or motivates buying the other (Yue et al.
2006). A two-stage, multi-product supply chain.
Pasternack & Drezner (1991) studied a stochastic
single-period substitution problem, Parlar and Goyal
(1984) increased it to a 2-substitutable-product
scenario, and Mcgillivray & Silver (1978) introduced
substitutes in the inventory concept. A substitution
model based on shortage was presented by Drezner et
al. (1995), who examined 3 different situations: full,
partial, or no substitution. Inventory, production, price,
and transportation policy optimization were all studied
together by Dehghanbaghi and Sajadieh (2017).
Taleizadeh et al. (2020) studied inventory and pricing
strategies for complementary products to determine
optimal order quantities and selling prices (SP) inside
an inventory model employing bundle and mixed-
bundle selling methods for two complementary items.
They also examined 3 pricing-inventory models. Wang
et al. (2017) looked at the pricing or service options of
supplemental items in a dual-channel distribution
system, encompassing an online channel or a
traditional retail channel. To learn more about how
complementary product price is determined, see
Edalatpour & Al-e-Hashem (2019) along with their
references. An integrated 2-stage approach with 1
vendor and one customer for 2 complimentary items
has been proposed by Hemmati et al. (2017). Two
complimentary deteriorating items were examined “by
Sarkar et al. (2024) in a 2-echelon supply chain
management. The rate of deterioration of the
complementary products is taken as a function of time,
and it increases over time. A degrading inventory
model for complementary and substitute products was
presented by Maity and Maiti (2009), who used
optimal control theory to tackle the problem for both
the stable and transitional scenarios. The research
demonstrates that retail strategies, like pricing and
ordering cycle length, must be suitably aligned with
changes in the degree of complementarity.

Pricing” is one of the main strategies for raising
profits in competitive marketplaces. Businesses risk
losing clients to competitors if they set extravagant
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prices. On the other hand, if companies set low prices,
they might not make the most of the market.
Businesses must balance these two tactics to avoid
losses. Product promotion improves brand recognition
and consumer accessibility in different markets, which
impacts inventory management. Advertisements often
include product information, particularly when
manufacturers and suppliers release new or improved
models. This information helps customers use the
“product. Thus, the demand for a specific product is
directly influenced by the effectiveness of marketing.
To increase the number of people who buy their
products, manufacturers and suppliers aim to
advertise in popular media, including print and
electronic media, among other channels, using modern
technology and well-known personalities. Taleizadeh
and Charmchi (2015) study a two-tier supply chain that
includes a factory and a single retailer selling two
complementary commodities, and the demand for
every product is determined by both pricing and
advertising. Taleizadeh et al. (2019) investigated
pricing and inventory decisions for deteriorating
complementary or substitutable commodities. They
looked at four scenarios where the demand for one
product is affected by the price of” another. Malcolm
Brady (2021) investigates the behaviour of two
businesses engaged in a duopoly, in which businesses
can affect demand by employing advertising. Two
inventory models using a demand function that
incorporates a nonlinear rise impacted by advertising
and a linearly decreasing price dependency were
presented by Khan et al. (2023).

Production defects occur during manufacturing and
fail to fulfill specifications for design. Surface flaws and
limitations of material may “affect a product's safety,
performance, durability, and aesthetic appeal.
Incorrect assembly, inferior materials, poor machining,
programming mistakes, and missing parts are
examples of common defects in manufacturing.
Unplanned manufacturing errors are often caused by
human or machine failure. Flaws can be divided into
two categories: spot faults, which are smaller and more
challenging to fix, and global flaws, which are larger
and more accessible. To enhance quality and lower
costs, manufacturers must focus on process control
and identifying the sources of variation” within “the
process. De et al. (2016) examined a multi-item, EPL
(imperfect economic production lot-size) model in
which the items are complementary or substitutes for
one another, and the SP and advertising/promotional
cost depend on demand and partially rework under
budgetary constraints. Chen et al. (2019) studied a joint
replacement problem involving shortages and partial
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demand substitution through developing a mixed
integer nonlinear programming model involving
damaged products. Karmakar et al. (2021) presented a
detailed inventory model for substitutable products
including two suppliers, each offering unique branded
products with corresponding demand. All” of these
products are sold through a single retailer, who also
has the power to control production and defective
goods.

While numerous studies explore complementary
and substitutable products, none have simultaneously
analyzed optimal demand and green production lot
size as joint decision variables using Cournot’s inverse
linear dependent demand in an imperfect production
system with defective items, modelled through a third-
order equation. This paper discusses 2 models: model
1, which uses complementary products to replace
defective items, and model 2, which uses the “law of
demand” to determine “price break-even point” and
calculate the maximum profit from three distinct
product demands. To reduce carbon emissions, use
carbon or green investment technology costs. The
model's applicability is demonstrated by numerical
examples. This study seeks optimal pricing or
production lot size to optimize profit. The stability of
the proposed model is assessed by sensitivity analysis
of optimal solutions. Data is created with Visual Basic
6.0.

Background and motivational support (Contribution
of this research)

This study creates a comprehensive model, driven
by the significance of EPQ model and mentioned
realistic scenarios. The following are this model's
primary contributions:

In this study, advertisement-Cournot’s Linear price-
Sales return are considered as a demand function for
imperfect production system for complementary and
substitute products.

Two models are developed for substitute and
complementary products and in the two models and
additionally, it focuses on determining “the optimal
demand and green production lot size using a third-
order equation.

Pricing policy has always been recognized as a vital
tool for attaining profit maximization in firms.
Consequently, the price break-even point, the law of
demand, and the highest possible profit were assessed
based on demand for 3 products in both models.

To lower carbon emissions, green technology
investment costs and carbon emission costs are”
introduced.
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To my knowledge, no author has been regarded as
an advertisement-cournot's inverse price-sales return
for complementary and substitute products based on
their previous merits. A company that produces
computers (software), printers (ink), cars (petrol), and
other items could use the suggested inv entory model
to manage stock of a variety of goods that have
production issues, namely bags, food, stationery, or
clothing (substitute products).

This paper's remaining “is organized as follows:
Section 2 reviews the literature; Section 3 defines the
problem, its notation, and its assumptions; Section 4
developed mathematical modeling based on
complementary products for defective items and
imperfect production systems with advertisement-
sales return-Cournot's linear inverse dependent
demand; and Section 5 describes mathematical
modeling for substitute products for defective items
and imperfect production systems with advertisement-
sales return-Cournot's linear inverse dependent
demand. Section” 6 indicating managerial implications,
Section 7 gives comparative study between substitute
and complementary products and section 8
summarizes accomplishments of proposed model.

2.REVIEW OF LITERATURE

The subsequent paragraph presents a significant
overview of the significant research on production
systems. An economics-based model, introduced by
Coughlan (1987), shows incentives for the distribution
function's integration or non-integration based on
product demand complementarity, economies of scale
& scope in distribution, and assessment of the
customers of the advantages of ‘one-stop shopping.’
The seasonal fruit may be substituted with another
fruit depending on availability and cost, as it is a
replaceable product. When the rising price of one
product correlates with a rise in the sales rate of
another product, such items are considered substitutes
for one another (Shocker et al. 2004). Raising the price
of one product may enhance the sales of a competing
one. Like, Coca-Cola, as well as Pepsi, are two
substituted items, as both fulfill the same function. A
customer can choose Pepsi over Coca-Cola under any
circumstances. Wang (2006) studied producers who
sell different products directly or through a shared
reseller. The products are complementary since they
are always sold and consumed together or in sets of
one. Zhao et al. (2012) explored the pricing dynamics
of substitutable products in a fuzzy supply chain with
two competitive manufacturers producing distinct
items and a common retailer selling them to
consumers. Wei et al. (2013) examined price
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difficulties for two complementary items in a supply
chain with two producers and one retailer. In their
analysis of a dynamic game of Cournot competition,
Bischi et al. (2015) examine how heterogeneous
companies decide on their output strategies by
weighing two alternative adaptive behavioural rules.
Giri et al. (2016) explored a rivalry among one
alternative and one complementary product in a 2-
echelon supply chain system where one producer
produces one of three products and a common retailer
markets those products. According to Sarkar and Lee
(2017), a 2-echelon supply chain model consists of 2
producers and a common retailer. Two complimentary
product kinds are produced by the producers, which
the typical retailer buys individually at a reservation
price and then bundles for sale. It is assumed that the
demands of the manufacturers and the retailer are
stochastic. In their 2017 study, Mukhopadhyay et al.
examined a duopoly market in which two distinct
companies provide complementary commodities in a
leader-follower fashion. Each company has its own
forecast data regarding the erratic market demand and
chooses whether to share it with the other company.
Benkherouf et al. (2017) formulated a finite horizon
inventory management issue for 2 substitutable
products, with demand expected to fluctuate over time
and ordered concurrently throughout each
replenishment period. Bian et al. (2018) use the
gloomy trigger method to apply repeated game theory
to tacit cooperation in dynamic distribution systems.
We look at the strategic tools that rivals use in
distribution networks that consist of two
manufacturers each distributing via two independent
shops. in a duopoly that is differentiated. Two
complementary products are sold by a manufacturer to
a retailer. Perlman (2019) investigated an inventory
model as per base stock replenishment in the context
of stochastic consumer demand, as well as the best
levels of stock for two vertically differentiated
commodities in both centralized and competitive
environments. Taleizadeh et al. (2019) evaluated price
and inventory decisions for decaying complimentary
and substitutable commodities in a supply chain with
two suppliers and one retailer. Four models are
examined in which the demand for one product
depends on the SP and the price of another product.
Jalali et al. (2020) determined the best closed-loop
supply chain design with complementary items.
Retailer that sold 2 complementary products was taken
into consideration by Poormoaied and Atan (2020).
Customers arrive in accordance with a Poisson Process,
unmet demands are lost, and the retailer applies a
continuous review (Q,r) policy to maintain the
inventory of each product. The products are demanded
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either individually or collectively. In their 2020 study,
Shan et al. looked at how to bundle and price
complementary goods in an eco-friendly supply chain.
They created three pricing models: one that focused on
“separate pricing,” another on “pure bundling pricing,”
and a third on “mixed bundling pricing.” By a
prolonged two-stage game and a two-stage game,
Leonardos (2020) investigated the impact of
endogenous cost formation in the classic Cournot
oligopoly and studied its equilibrium under 2 distinct
information levels: complete as well as incomplete
data on the supplier's side regarding the original
demand of the market. In “a DCSC (dual-channel
supply chain) with two manufacturers and one retailer,
Ren et al. (2020) examined a price game and service
collaboration for supplemental products where the
products of the two producers are complementary. An
analytical game-theoretical study was conducted by
Gupta et al. (2021) to examine how pricing strategies
for alternative items are affected by the timing of
supply capacity disruptions. They” determined the best
pricing and order quantities based on interruption time
and product substitution. In a two-period decision
framework, Saha et al. (2021) investigated the effects
of strategic inventory on a supply chain that included
two producers and a common retailer. In a two-period
decision framework, Nielsen and Moon (2021)
investigated the impact of “strategic inventory on a
supply chain encompassing 2 producers and a common
retailer. In each period, participants set their prices to
maximize profits. Wang and Zhang (2021) analyzed a
supply chain system with a manufacturer, a capital-rich
retailer, or a capital-constrained retailer, including
strategic  relationship and  substitute  product
competition. The production cost is minimal, and the
retailers' equilibrium order numbers are based on their
optimal equilibrium profits, if not on the” producer's
optimal balance profits and those of the dominating
retailer. To automatically identify complements as well
as alternates from sales transaction data, Tian et al.
(2021) looked at a network perspective. We employ a
“bipartite representation of a product-purchase
network, comprising transaction and product nodes, to
formulate appropriate null models for inferring
meaningful relationships” between products—either
as complements or substitutes—and establish metrics
based on random walks to assess their value. In the
context of online-to-offline commercial operations,
Chen & Su (2021) investigated the cooperation of an SC
handling complementary products using a variety of
game theory-based techniques. In 2021, Asproudis &
Eilippiadis examined the idea of abatement
technology. Compared to its Cournot counterpart, they
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discovered that the Bertrand firm would choose a
dirtier technology. Poormoaied (2022) explored a
periodic review base-stock policy for two
complimentary commodities with related needs and
combined replenishment. Demands are modeled
utilizing a Poisson process, and any missing demand is
lost. When two items have demand replacement and
both substitutes have the same constant demand rates
and cost structures, Teunter & Kuipers (2022) look at
the best inventory management. Koren et al. (2022)
presented a stockout-based and dynamic stock
substitution inventory management model for
competitive substitutable products. Koren et al. (2022)
used sales data from an online clothes retailer offering
“substitutable products to compare centralized (one
store selling both items) and competitive (two retailers
providing one product) models. Li et al. (2023)
evaluated how economies of scale, competitor
conduct, and market rivalry types” affected a
manufacturer's retail outsourcing decisions. Koren et
al. (2023) created a “single-period inventory-
management model for a market with two
substitutable commodities under stockout-based
substitution, which allows customers to get a
substitute when their product is not available.

In an effort to discuss related topics, Mondal and Giri
(2024) integrated green innovation, remanufacturing,
and product complementarity in a two-stage supply
chain and a green closed-loop supply chain with two
producers and a typical retailer. Haque et al. (2024)
developed a sustainable production inventory system
for two decaying complementary” commodities to
optimize delivery quantity and lot size for
decentralized and central supply chain coordination.
Meza et al. (2024) developed a replacement item profit
optimization model that accounts for manufacturing
costs and inventory management in a competitive,
time-sensitive market with limited supply and changing
consumer preferences. Advertisement-Cournot's
Linear price-Sales return is taken into consideration in
this study as a demand function for complementary
and alternative items in an imperfect manufacturing
system. Both methods calculate the highest profit
from three product requests, discover the price break-
even point, and confirm the law of demand. To reduce
carbon emissions, green technology investment
expenses and prices are imposed. No author has been
recognized for marketing-Cournot's inverse price-sales
return for complementary and alternative products
based on the above merits.

ARGENTINA
DE CLiNICA PSICOLOGICA



V.Choudri et al.

Table 1 Author’s Contribution Table

n > g g
> g "g 7 _'G_-,) u ¥ o 5
B =t ob SH © < > X .,
S. “Authors Demand £ v €3 | £33 So| » © <
No. pattern o 5 |98 2852 8| 58
S 5] o oY T > c o
£ g | g2|39a | 5|8
8 (o) o =
o O o
1. De et al. 2016 Pricing yes yes yes | yes
2. Sarkar and Lee, 2017 Pricing yes yes
3. Wang et al., 2017 Pricing yes yes
4. | Benkheroufetal., 2017 | Time varying demand yes yes
5 Mukhopadhyay and constant yes yes yes
’ Goswami, 2017
6. Hemmati et al., 2017 Stoclél depedendt yes yes
emand
7 Dehghanbaghi and ricin os
: Sajadieh,2017 pricing Y
8. Chen et al., 2019 Partial demand yes yes yes
9 Edalatpour and Al-e- tant
. Hashem, 2019 constan yes yes | yes
10. | Taleizadeh et al. 2019 Pricing yes yes
11. | Taleizadeh et al. 2020 Pricing yes yes
12. Ren et al., 2020 Pricing yes
Asproudis and
13. Filiy:?piadis, 2021 constant yes | yes
14. | Nielsen and Moon, 2021 PDD yes yes
15. Saha et al., 2021 Pricing yes yes
16. Koren et al., 2022 Stock-based yes yes
17. Koren et al., 2023 Stock-based yes yes
18. Meza et al. (2024) PDD yes yes
19. Sarkar et al., 2024 Constant yes yes
20. Present study Advertisement—Sales yes yes yes |yes| yes |yes | Yes”
return-Cournot’s PDD

3.ASSUMPTIONS & NOTATIONS

The subsequent assumptions or notations are
utilized in the model.

3.1 Assumptions: The study is dependent on the

subsequent assumptions.
1) The “model addresses the production of a single

product while preventing any shortages.

2) The starting and ending inventory levels are zero.

3) The linear inverse demand function is defined to

be a function of Cournot’s type model and it is
interpreted as P, = a« — fd, — yd,by Otake and
Min (1996) and Singh and Vives (1984) where P;
is price of the seller-1, ais intercept of inverse
demand function, 8 represent own price effect,
yis cross price effect, and d,andd, represents”
per-unit-time demand of products. In this model,
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4)

5)

6)
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the demand is defined as advertisement-
Cournot’s inverse demand function- sales return
for complementary products such as
D(A,SP.,) = A%a—bD; +cDy)(1+s) and
for substitute product(sp) is D(A,SP;) =
A%(a — bD; — cD,)(1 + s) where A is number
of advertisement and s is the rate of sales return.
According to Varian (1992), the cross-price
effects must be symmetric with b > c in order for
a consumer demand function to function
properly. Choi (1991) observed that variations
among b & c is directly proportional to degree of
product substitutability among 2 items.

Observed discrepancy among the unit
production cost as well as the SP i.e., Y > Cp
rate

Production is predictable along with
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constant across planning horizon's codes. Costs
of setting up a set, producing a unit, storing a
unit for a defined amount of time, improving
quality, marketing, carbon emissions, and green
investment technologies are all recognized and

fixed.

3.2 Notations: The subsequent notations are used in
for analysis.

“Particulars Notations/units Particulars Notations/units
Rate of Production Y-units Per unit advertisement cost C,. Money
Intercept of the demand a - units Quiality cost/unit Co- Money
Own price effect / cross b/ c- units Per unit production cost Cp- Money
demand effect
Per set setup cost C,-Money Rate of sales return” s
Per unit/time holding cost Cp- Money Advertisement frequency d
Rate of defective items v Number of advertisement/units A,,- numbers
Cycle time T Green Technology Investment cost Is
per unit
Carbon emission cost per unit Co.s Money Maximum inventories Q4,0Q,
Demand for the product for D, /D, Money Production, Reworking, and T,, T, Ts
seller -1/seller-2 Consumption time
Optimum quantity Q - units Parameter for Green Technology o
Investment

Number of defective items:Yvunits

(Here Y represents production rate and v is rate of defective items. Therefore, Yv represents number of
defective items.)

Total profit function with two decision variables D; & Q

TP(D1/D,, Q)

4.MATHEMATICAL MODEL - COMPLEMENTARY
PRODUCTS “FOR IMPERFECT PRODUCTION
SYSTEM, DEFECTIVE ITEMS, WITH
ADVERTISEMENT-SALES RETURN-COURNOT’S
LINEAR INVERSE DEPENDENT DEMAND

Production” scheduling and planning are
fundamentally dependent on the production inventory
model. Producers and inventory managers use the EPQ
model to determine production and cost. Without
adjusting for shortages, the model considers
manufacturing a single product. Routine
manufacturing eliminates all defective items, and it is
assumed that completed products can only be
delivered to customers if the entire lot is guaranteed to
be of excellent quality at the end of production. The
product becomes technologically infallible toward the
conclusion of production, or consumer preferences
shift. The quantity of product stocks should be carefully
managed. “This is how the suggested inventory system
works. Cycle initiates at T=0 and inventory accumulate
atrate of Y(1 — v) — A%(a — bD; + cD,)(1 + s) upto
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time t=T; where the production stops. After that,
inventory level starts to decrease because of demand
and defective atarate of D = A%(a — bD; + cD,)(1 +
s) upto time t = T, This” model is based on Cournot’s
linear inverse dependent demand for complementary
products, where the demand faced by Seller 1, denoted
as D1, is treated as that of single item in absence of
allowing any shortages. Process is repeated. Inventory
level’s behaviour is “depicted in the following figure —1.
Rate of production of good products is always > sum of
demand rate as well as rate at which defective items
are generated. So, we must have P1 > D + v
(v=defective items). Q; represents the quantity of good
items remaining after consumption at the end of time
t,. From Figurel, it can be shown” that

rom the AABK, T} = % (1)

Q; = (Y(1 —v)—A%a —bD; + cD,)(1 + )T,
From the equation (1),

B (Y(l—v)—Ad(a—bD1+cD2)(1+s))Q

Q= -

(2)
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Q1 ( )
Y(1-v)—A4(a—bDy+cDy)(1+s)
During the consumption timeT,, the product
becomes technologically obsolete or customer tastes

therefore, T; =

AN
I(t)- Inventory Level

R
|
|
|
|
|
|
|
|
|
|
|
|
|
|

b

‘\
;----

change. Care should be taken to control the amount of
stocks of the product. The inventory level starts to
decrease because of demand at a rate of D = A%(a —
bD; + cD;)(1 + 5).

1.Y(1 —v) — A9 ((a — bD, + c¢P3)(1 + 5))
2.¥ —AY((a — bD, + €¢D3)(1 + 5))
3. —A9((a — BD, + cD2)(1 + 5))

Sales during period (line 1.J)

Qx Defective Items (line JK)

n
1
1
]
]
]
1
L]
]
]
]
: Time
1
>
O T, B T, C
Figure 1: Production Inventory Model
From the ABKC, Q; = A%(a — bD; + cD,)(1 + s)T, 4
o Production Cost = %QCp= A bDl:f:Z)(HS)C” (7)
_ 1
= A4(a—bD;+cDy)(1+s) (4) .
_Co _ A%(a—bD;1+cD3y)(1+5)C,
ThecycletimeT =T, + T, setup Cost _?0 - Ql(l—vz) ; (8
- Q1 + Q1 a
Y(1-v)-A%(a—bDy+cDy)(1+s)  A%(a—bDy+cDy)(1+s) Holding Cost = (Y(1-v)-4%(a—=bD1+cD3)(1+5))CrQ 9)

On simplification,

_ Q(1-v)
T A%(a-bDy+cDy)(1+5) (5)

Average Inventory:

The average inventory is computed as follows from the
Egn:

_1 __Q1 Q1
Tor [Ty + i T2] = Tor [(Y(l—v)—Ad(a—bD1+cD2)(1+s)) +
Q1

A%(a—bDy+cDy)(1+s)

o Y(1-v) _
T2T [(v(1-v)-49(a—bD; +cD3)(1+5))A%(a—bDy +cDy) (1+s) |
(Y(1-v)-4%(a—bD1+cDy)(1+5))Q (6)

2Y
Total cost: It consist of production “cost, holding
cost, setup cost, quality improvement cost,
advertisement cost, carbon emission cost, green

technology cost” and all cost are known and constant.
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2y

Ad(a—bD1+cD2)(1+s)vCQ (10
(1-v)

)

Quality Improvement cost =

. AnCa A%(a—bD1+cD3)(145)AnC
Advertisement cost =24 A (4701 +cD2)(145)AnCA
T Q(1-v)

(11)

- _Ces (T
Carbon Emissions cost = . fo (Averagelnventory)dt
(12)

(o}
4 Green Investment Technology cost = Z9s-
A%(a—bD1+cDy)(1+s)0gs T

Q(1-v)

(13)

Total Profit TP(Q, D1 /D,)=
dig—
Ad(a _ bDl + CDZ)(I + S)D1 . A%(a—-bD1+cDp)(1+5)(Cp+vCq)

1-v
(Ch+Ces)Q(Y (1-v)~A%(a—bDy+cDy)(1+5))
- 2y
_ A%a—bD1+cD3)(1+5)(Co+AnCa+0gs)
Q(1-v)

(14)
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Figure 2: Profit TP (Q, D1) versus Q and D1

The above figure shows concave function of Q and
D1

The above figure is of eq. (14)

{The optimal solution is TP = 241002.4261685542,
{D1 - 2797.951137021527, — 216.16366225957353}}

Optimality: It can be easily shown that TP(Q, d;) is
a convex functionin Q & d;.

2

aiTP(Q, D) =0& a%TP(Q,Dl) < 0and
aZ

30, [P(Q,D1) = 0& 75TP(Q,Dy) <0

Partially differentiate the eqn (14) with respect to
Q

%TP(Q,DO
(Ch+ Co)(Y(1 —v) — A%(a — bD; + cD,)(1 + 5))

e 2P,
| A%(a—bD; + cD,)(1 + 5)(Co + ApCy + 0g5)

* @ -v)
=0

62

and a—QZTP(Q, D)) =

d
[_A (a bD1+cDZQ)gl(1-27()CO+AnCA+ags)] <0
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3500
On simplification,
02 = 2Y A% (a—bDq+cD;)(145)(Co+AnCa+0gs) (15)

T (Cp+Ces)(Y(1-v)—A%(a—bDy +cDy)(1+5))(1-v)

Total profit = Total sales - Total cost (sum of Eqn (6) to
(12))

Total sales = Demand of the product X Price per unit
=A%a — bD; + ¢cD,)(1+ s)D;
Partially differentiate the equation (14) in context of d;,
aTP(Q,Dy)
T
A%bd; (1 + 5)(Cp + vCp)
1-v

A9(a — 2bD, + ¢D,)(1 +5) +
A%b(Cy + AnCy + 0gs)
Q1l-v)

=0
4 b(Co + A Cy+0gs) =0
Q
_b(CO + ATlCA + O-gS)

¢= [(a +cDy)(1 = v) + b(C, +vCo)] = 2b(1 — v)Dy
— b(G+AnCatags)
Therefore, Q = K—2b(1-v)D, (16)
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here, K = (a + ¢D;)(1 — v) + b(C, + v(Cy)
Substitute value of eqn (16) in (15)
b2(Cy + AnCy + ags)
[K —2b(1 —v)D,]?
3 2YA%(a — bD; + cD,)(1 + 5)
~ (Cp + Ces)(Y(1 —v) — A4(a — bD; + cD,)(1 +5))
(1-v)
On cross multiplication of the above eqn,
2YA%((a + cD,) — bD;))(1 + s)[K — 2b(1 — v)D,]?
= bZ(CO + A,C4 + 095)(Cy
+ Ces)(Y(1 —v) — A%((a + cD,)
—bD;))(1 + )1 —-v)
RHS = 2YA%((a + c¢D,) — bD;))(1 + s)[K — 2b(1 —
v)D, J?
= 2YA%((a + cD,) — bD;))(1
+5)[K? — 4Kb(1 — v)D; + 4b?(1
— v)?Df]
On simplification
=2P,A%(1 +

—4b3(1 — v)2D} + 4b%(1 — v) [

(1-v)
(a+cDy)+K
| —bK(4(1 —v)(a +cD,) + K)D; + K*(a + cD,)
=2YA4(1 +
(—4b3(1 — v)2D?

s) [+4b*(1 —v)[(1 — v)(a + ¢D,) + K)]D?

| —bK[4(1 —v)(a + cD,) + KD, + K*(a + cD,)
=2YA%(1 +

[—4b3(1 — v)?D} + 4b*(1 — v)?(a + cD,) D}
+4b%C;(1 — v)D? — 4bK(1 — v)(a + cD,)D,

| —bKZD; + KZ(a + cD,)

D}

(%)
N~

—8YH3A%(1 + 5)(1 — v)?D}

+8Yb24%(1 + s)(1 —v)[(1 —v))(a + cD,) + K]|D?
—2YbA%(1 + s)K(4(1 —v)(a + cD,) + K)d; +

2YAY(1 + s)K?(a + cD,)
RHS = b%(Co + AnCy + 0g5)(Cp, + Ces)(Y(1 —v) —
A*((a = cdy) = bd))(1+y))(1 - v)
[Y(1—v) — A% + s)(a + cD;,)]b%(Cy + A,,.C4 + 09g5)
(Ch + Ces)
1-v)

+b3(Co + AnCy + gs)(Ch + Cos)(1 — v)A%(1 + 5)D;

RHS + LHS
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8Yb3AY(1 + 5) (1 — v)2D3
~8Yb240(1 + 5)(1 - v) [ 7P+ D) ¥ py

[ 2YbAY(1 + s)K(4(1 —v)(a + cD,) + K)

+[+b3(Co + AnCa + 0g5) (Ch + Ces)A?(1 = v) | Dy
(1+5s)

2YA%(1 + s)K?(a + cD,)

—|[-(r(1 —v) — 44(1 + s)(a + ¢D,))b?

L (CO +A4,C + Ugs)(ch + Ces)(l - U)

(17)

Here optimum solution for demand d; in 3rd order
equation.

4.1 Numerical example-1
Optimum “solution is confirmed via numerical
example with following data

Production rate (Y) = 1100 units, intercept of
demand function (a)= 900 units, own demand effect
(b) = 0.31, cross demand effect © = 0.1, advertisement
frequency (d) = 0.1, Rate of sales return (s) = 0.1,
demand of the seller -2 =2900, setup cost per set (Cp)
=700 (money value), holding cost per unit /time (Cp)
=31 (money value), carbon emission cost per unit 32
(money value), number of advertisement = 12 number,
advertisement cost per unit = 40 (money value),
Production cost/unit (Cp) = 2000 (money value), Rate
of defective (v) = 0.01, Cost of quality improvement
(CQ) = 300 (money value), Parameter for green
technology investment (g) = 8, Green technology”
investment cost per unit = 80 money value.

Optimal Solution: Optimal solution for given data are
3rd order Eqn for the model for seller 1

362.367260401D; — 3515198.5726D?
+1126704814002D,
—11949713601748.9 = 0

The above equation contains 3 values forD;, that is
2926.1995, 2935.7823, 3838.6698 in which the
demand 2935.78 which is reaching highest possible
profit of 352635.02. The optimal demand of the
product (D) = 2935.78 money value, Optimal
guantity (Q) = 191.06 units, Optimal cycle time (T) =
0.4791 (Time), Production time (T;) = 0.1736 (Time),
Maximum inventory (Q;) = 120.98 units, Setup cost
= 1460.91 (money value), “production cost =
797480.80 (money value), Holding cost = 1869.04
(money value), Quality improvement cost = 1196.22
(money value), advertisement cost = 1001.76 (money
value), carbon emission cost = 1929.32, Green
Investment Technology cost = 1335.68, Total cost =
806273.75 (money value), Total” Sales = 1158908.77
(money value), Total profit =352635.02 (money value)
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Numerical example-2 (for sensitivity analysis)
Optimum solution is confirmed by numerical
example with subsequent data

Production rate (Y) = 1000 units, intercept of
demand function (a)= 800 units, own demand effect
(b) = 0.3, cross demand effect © = 0.1, advertisement
frequency (d) = 0.1, Rate of sales return (s) = 0.1,
demand of the seller -2 = 2700, setup cost/ set (Cy) =
800 (money value), holding cost per unit /time (Cp)
=20 (money value), carbon emission cost/unit 22
(money value), number of advertisement = 10 number,
advertisement cost/unit = 54 (money value),
Production cost/ unit (Cp) = 2000 (money value), Rate
of defective (v) = 0.01, Cost of quality improvement
(CQ) = 400 (money value), Parameter for green
technology investment (g) = 10, Green technology
investment cost/unit = 70 money value.

Optimal Solution: Optimal solution for proposed

data are
3rd order equation is the demand for
the product (D,) for seller 1

293.168176353D3 — 2684709.7846D?
+ 8137025221.68D; — 1173233874.27
=0

Equation above comprises 3 value forD;, which is
2790.72, 2800.23, 3566.62 in which the demand
2800.23 which is reaching highest possible profit of

241000.28.

The optimal demand of the product (D;) = 2800.23
money value, Optimal quantity (Q) = 215.69 units,
Optimal cycle time (T) = 0.6706 (Time), Production time
(T;) = 0.2156 (Time), Maximum inventory (Q;) =
144.85 units, Setup cost = 1192.92 (money value),
production cost = 643256.63 (money value), Holding
cost = 1448.55 (money value), Quality improvement
cost = 1286.51 (money value), advertisement cost =
805.22 (money value), carbon emission cost = 1593.40,
Green Investment Technology cost = 1043.01, Total
cost = 650627.06 (money value), Total Sales =
891627.34 (money value), Total profit = 241000.28
(money value)

4.2 Determining the Price-Break Even Point

Company's safety margin should be computed and
compared to its earnings and expenses for ascertaining
its  “Price-Break-even point”. This evaluation
demonstrates how much revenue is needed to meet
operational costs. Break-even pricing determines a
product's profit-free price. It represents income-
expenditure balance. Many companies utilize break-
even pricing to set product prices. The company may
set a price below break even. The company would
generate income but not profit in this scenario. The
majority of e-commerce operations continue to lose
money. E-commerce businesses would put market
share ahead of profit in this scenario. For financial gain,
the company could raise the product's price.

Table 5 Price Breakeven Point

2025, Vol. XXIX, N°1, 132-151
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1531.25

0.1952 1146.39] 1392.05
131562 100309 |566488

2900| 195.22 0.6978 139 70 559522| 773.81

803194 | 236706

d,-Demand, SC-Setup cost, PC-Production cost, HC-
Holding cost, RWC-Reworking cost, Rej. -Rejecting cost,
QIC-Quality Improvement cost, Adv. - Advertisement
cost, Car-Carbon emission cost, GTI - Green Investment
Technology cost, TC-Total cost, TS-Total sales, TP-Total
profit

From Table 2, it is evident that cycle time as well as
total profit increase as product demand rises,
indicating a positive relationship. Conversely, optimum
guantity, production cost, quality improvement cost,
production time, maximum inventory, “setup cost,
holding cost, advertisement cost, carbon emission cost,
green investment cost, total cost, and total sales
decrease with an increase in demand, signifying a
negative relationship. Based on the given data for the
product, the breakeven price/unit is 2045.1504,
meaning no profit would be generated at that price.
However, in a competitive market, maximizing profit
requires selling fewer units at higher” price. Figure 6
shows the connection among price/unit and total
profit: Break-even point in price. The graphical link

among price/unit and optimal quantity is displayed in
Figure 7. It may be demonstrated that in order to
maximize profit in a competitive market, a higher price
must be offered in a lesser quantity. It has been
observed that when price increases, quantity in units
decreases. This is “law of demand,” as has been
established.

4.3 Law of Demand

According to rule of demand, while all other
conditions stay same, quantity of a good “or service
thatis desired and its price are inversely related. People
are less inclined to buy something when prices rise.
Relationship among optimal amount and the price/unit
is graphically depicted in Figure 7. It is obvious that
selling more units at a higher price and fewer units at a
lower price is the best method to maximize profit in a
competitive market. It has been noted that when prices
increase, unit quantity drops. Table 6 makes it” clear
that the “law of demand” is satisfied.

100000
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20000

-20000 1
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Figure 6: Price Breakeven point
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Figure 7: Relation between demand of the product and optimum quantity

4.4 Highest Possible profit

The ability of a company or firm to make the most
profit while spending the least amount of money is
primary objective of any organization as well as one of
objectives of financial management. The term highest
possible profitin financial management is a tactic or
approach that increases a companies’ profit or
profits/share. The goal of each financial decision or
investment should be to maximize earnings as much as
feasible. Highest possible profit refers to method used
by companies to identify the best O/P as well as pricing

Table 6 Highest Possible Profit for three demands from the third order equation

points to maximize their return. To meet its profit
targets, corporation makes significant adjustments to
the product's cost, output volume, and sale price. Even
if it hurts the customer, profit is necessary for any firm
to survive.

From the third-order equation, there are three
demand values: 2660.41,2676.44 and 3312.38. The
highest possible profit, 87364.67, corresponds to a
demand of 2676.44. Therefore, we consider 2676.44
units as the demand for this model.

2025, XXIX, N°1, 132-151

S.No. ltems Demand for the product
2660.41 2676.44 3312.38
1. Optimum Quantity (Q) 129.49 127.62 1.62
2. Optimum cycle time (T) 0.8872 0.8964 60.44
3. Production time (T;) 0.1294 0.1276 1.64
4. Maximum inventory 109.48 108.35 1.60
(Q1)

Setup cost 901.64 892.36 13.23

Production cost 291887 284709.89 53.71

Holding cost 1094.86 1083.58 16.07
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8. Advertisement cost 608.61 602.34 8.93

9. Carbon emission cost 1204.34 1191.94 17.67

10. Green Technology 789.94 780.81 11.58
investment cost

11. Quality  improvement 583.77 569.41 0.11
cost

12. Total cost 297069.36 289830.36 121.32

13. Total sales 384387.07 377195.04 88.07

14. Total profit 87313.71 87364.67 -33.25

4.5 Sensitivity Analysis

Table 7 Effect of Demand and Inventory parameters on Optimum values in imperfect production system with rework

CP Demand Q

Setu Holdin
(d1)

P g cost
cost

Adver
. Cost

Carbo
n cost

QIC |Gree |[Tota [Total

n I profi
cost cost t

intercept of the demand function (a)

700 | 2367.71] 86.97 | 658.32 | 799.40

444.37

879.33

286.28| 576.03 [146784 20979

750 | 2521.61| 108.46| 789.65 | 958.86

533.01

1054.

75| 428.26| 690.94 (218587 (48692

800 | 2676.44| 127.62| 892.36 | 1083.58

602.34

1191.

94| 569.41| 780.81 [289830 [87365

850 | 2831.70| 145.54] 975.92 | 1185.05

658.74

1303.

55| 710.19| 853.93 (360782 [136951

900 | 2987.19| 162.81] 1045.07| 1269.01

705.42

1395.

91| 850.74| 914.43 431552 |197429

Own demand effect (b

0.12 | 3427.51| 163.43| 1047.38| 1271.82

706.98

1399.

04| 855.92| 916.45 434157 |291928

0.13 | 3227.03] 156.47 1020.95| 1239.73

689.14

1363.

70| 798.74| 893.33 405380 (232574

0.14 | 3057.47] 149.43] 992.45 | 1205.12

669.91

1325.

63| 741.52| 868.40 376565 |184565

0.15 | 2912.21] 142.29 961.69 | 1167.77

649.14

1284.

54| 684.23| 841.48 (347707 |145473

0.16 | 2676.44] 127.62| 892.36 | 1083.58

602.34

1191.

94| 569.41| 780.81 [289830 [87365

Cross demand effect €

0.10 | 2676.44| 127.62| 892.36 | 1083.58

602.34

1191.

94| 569.41| 780.81 [289830 [87365

0.11 | 2592.78| 117.48 839.71 | 1019.65

566.80

1121.

61| 493.26| 734.78 (251406 |65124

0.12 | 2509.20| 106.85| 780.38 | 947.61

526.75

1042.

36| 416.94| 682.83 [212869 |46071

0.13 | 2426.03| 95.53 | 712.59 | 865.29

481.00

951.82

340.38| 623.52 |174167 302115

0.14 | 2343.26] 83.17 | 633.43 | 769.16

427.56

846.08

263.41] 554.25 |135201 |17568

Advertisement frequency (d)

0.10 | 2676.44] 127.62] 892.36 | 1083.58

602.34]

1191.

94] 569.41] 780.81 [289830 [87365

5.INTERPRETATION OF THE SENSITIVITY ANALYSIS

1.

The demand for seller-1, optimal setup,
guantity, holding, carbon emission, advertising,
quality improvement, green investment
technology, total cost, and total profit all
increase in tandem with demand intercept.

. The seller-1's demand, ideal quantity, setup and

holding expenses, carbon emission costs,
advertising costs, quality improvement costs,
green investment technology costs, total costs,
total profits all decrease as the own price impact
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increases.

Demand for seller-1, optimal quantity, setup,
holding, carbon emission, advertising, quality
enhancement, green investment technology,
total cost, and total profit all decrease as the
cross price impact rises.

As number of ads rises, the demand for seller-1,
setup cost, green investment technology cost all
decrease, while the ideal quantity, holding cost,
setup cost, carbon emission cost, quality
improvement cost, advertisement cost, green
investment technology cost, total cost, and total
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profit all increase.

5. As rate of sales return rises and demand for
seller-1 declines, the optimal quantity, holding
cost, setup cost, carbon emission cost, quality
improvement cost, advertisement cost, green
investment technology cost, total cost, total
profit all fall.

6. Managerial Implications

Defective production system with price-dependent
demand and promotion is main topic of this article.
Notwithstanding price strategy, demand for the items
has an enormous effect. Results of sensitivity analysis
are as follows.

1. Since they have a major impact on total profit,
total cost, and total sales, the scaling parameter
(b), the constant demand parameter (a) ought
to be given priority during the decision-making
process. Unit cost must be taken into account
because it has a substantial impact on overall
earnings.

2. Rising ordering expenses lead to higher
ordering quantities and lower overall
profitability. In these situations, it is
recommended to buy in bulk to reduce delivery
frequency and consequently raise ordering
costs.

3. When maintenance costs increase, order
volume, profit, and cycle time all decline. To
prevent excessive holding expenses, it is
recommended to only resupply what is
required. Cycle time should also be decreased
to ensure the smallest holding period possible.

4. SP rises as manufacturing expenses rise, but
overall profit and order quantity fall. It is

advised to raise prices to preserve sales margin.
It's also advised to cut back on orders and
search for suppliers who provide reduced
prices.

5. Asthe price of carbon emissions rises, both the
overall profit and the amount of orders
decrease. In order to minimize inventory
holding, it is recommended to only order what
is necessary from the manufacturer, as doing so
may result in hazardous emissions.

6. As the frequency of ads increases, the system's
overall profit also increases. Increased
advertising frequency would surely draw larger
audience, expand the potential customer base
and increase overall profitability.

7. The management may benefit from increased
demand if they strategically reduce or raise the
SP to increase demand.

8. To increase profits, it is suggested that the
retailer use the price break-even point. This
method helps identify the price of the product
at which there is no loss or profit. Based on this,
retailer can then set a higher price depending
on desired profit margin.

7.COMPARATIVE STUDY: COMPARATIVE
RESEARCH IS CARRIED OUT AMONG SUBSTITUTE
PRODUCTS AS WELL AS COMPLEMENTARY
PRODUCTS, IS PRESENTED IN TABLE -8.

The table shows that complementary commodities
perform better because they complement each other.
This means such commodities are used together,
increasing their worth. When consumed alone, these
products are unused.

Table 8 Relationship between substitute products and complementary products

S.No. Particulars Substitute Complementary
products products

1. Demand for the product 2676.44 2800.23

2. Optimum quantity 127.62 215.69

3. Optimal cycle time 0.8962 0.6706

4. Production time 0.1276 0.2156

5. Maximum inventory 108.35 144.85

6. Setup cost 892.36 1192.92

7. Production cost 284709.89 643256.63

8. Holding cost 1083.58 1448.55

9. Quality improvement cost 569.41 1286.51

10. Advertisement cost 602.34 805.22
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11. Carbon emission cost 1191.94 1593.40
12. Green Investment Technology cost 780.81 1043.01
13. Total cost 289830.36 650627.06
14. Total sales 377195.04 891627.34
15. Total profit 87364.67 241000.28

8. CONCLUSIONS AND FUTURE STUDIES

Green production inventory model is developed for
deteriorating items, incorporating advertisement-
driven demand, Cournot’s inverse demand, and sales
returns. Decision variables include optimal demand,
production lot size, formulated using a third-order
equation. Two models have been proposed. In first
model, a production inventory framework for
perishable goods featuring Cournot's complementary
products. In model 2, production inventory framework
for perishable goods featuring Cournot's substitutable
products. “Law of demand” is verified, price break-
even point is defined, highest possible profit is
calculated using 3 different product prices in two
models. By identifying optimal pricing along with
production lot size, this investigation seeks to
maximize overall profit. Numerical examples
demonstrate how this notion can be applied. It is
demonstrated that the degree of complementarity and
substitutability affects overall profit. Sensitivity
analysis of best possibilities is presented to assess
stability of proposed model. It uses Visual Basic 6.0 to
create data. The complementing product's price
break-even point is 2034.0423, whereas the substitute
product's is 2045.1504. The demand for the
complementary product is 2800.23, vyielding a
maximum possible profit of 2,41,000.28, while the
highest possible demand for the substitute product is
2676.44, with a maximum profit of 2,89,800.36. From
the sensitive analysis, total cost along with total profit
are highly sensitive to increases in intercept of
demand, as well as to changes in own-demand and
cross-demand effects for both complementary and
substitute products.

Food, stationery, bags, machines, and clothing
(substitute products) with production concerns can be
managed using the suggested inventory model. It
applies to automobile (fuel), computer (software),
printer (ink), etc. manufacturers.

Current research can be enhanced in the ways listed
below:

(i) Multi-stage production processes can be
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included in this research since most systems
currently in use are multi-stage production
systems (Complementary analysis of a multi-
item inventory model with leading product
price by Kim et al. 2023).

(ii) The lot transportation scenario in multi-stage
manufacturing systems involves, among other
things, delivery delays between stages. To
further cut down on shipping expenses, the lot
might be divided into smaller lots as well as sent
as needed. An inventory model that takes scrap
rework, rework into consideration could be
developed with these scenarios in mind.

(iii) The model can also be used for supply chain
inventory (Jauhari et al., 2024, inventory model
for two competing stores).

(iv) Exponential demand, advertisement demand,
fuzzy environments, probability demand, and
stock-dependent demand (Hemmati et al.
2017; Koren et al. 2017; inventory for stock-
based substitute products).

(v) Carbon emissions and related carbon controls
and limits may also be included in this study
(carbon emissions regulations, Mahato et al.
2024)

Higher-order equations can be included in the
study's limits. The price break-even amount does not
take the fixed cost into account. Because of space
limitations, competition among Seller 1 and 2 is not
examined, despite the study's focus on a competitive
market. This study does not account for transportation
expenses. Future studies can examine each of these
(transportation and pricing policies of complementary
products by Dehghanbaghi and Sajadieh, 2017).
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